b/\i International Journal of Advances in Engineering and Management (IJAEM)

= Volume 2, Issue 1, pp: 1272-1283
IJAEM

www.ijaem.net

In the finite element formulation of an Euler-Bernoulli beam
element approximating the solution by a polynomial of degree
four

Pushpam Kumar Sinha
Department of Mechanical Engineering, NetajiSubhas Institute of Technology, Amhara, Bihta, Patna, Bihar,

Date of Submission: 01-07-2020

Date of Acceptance: 16-07-2020

ABSTRACT

The governing differential equation for an Euler-
Bernoulli beam element is of order four. Hence
there are two primary variables, the solutionv(x)
itself and its derivativev’ (x) (v (x) is the transverse
deflection of the beam, x is measured along the
longitudinal axis of beam with origin at left hand
end of beam and positive towards right), appearing
in the boundary conditions. This means that for an
Euler-Bernoulli beam finite element there are two
nodal degrees of freedom. Therefore for a two node
finite element there are four unknown quantities to
be determined. The best polynomial fit to
solution v(x) is cubic polynomial in this case. For
this approximation v’ (x) is linear. Bending
Moment M (x) is proportional to v" (x). As long as
M (x) is also linear, the above approximation gives
accurate result. However, if in any given region of
the beam there is uniformly distributed load (u.d.l.),
the M(x) is parabolic which implies that v (x)
must also be a polynomial of degree two. Now if
v" (x) is a polynomial of degree two, v(x) must be
a polynomial of degree four. Therefore in this paper
we present the finite element formulation of Euler-
Bernoulli beam element based on polynomial of
degree four as the approximation function of the
solution v(x) of the governing differential equation.
We also demonstrate the accuracy of the method by
solving a certain sample problem with u.d.l. over a
portion of the beam.

Keywords: Governing differential equation, Shape
Function, Polynomial, Weak form Galerkin

I. INTRODUCTION
1.1 A two node Euler-Bernoulli beam element with
four degrees of freedom
We begin by formulating weak form Galerkin finite
element equation for a 2-node 1-dimensional Euler-
Bernoulli beam element. There are several different
approaches of finite element method (FEM). And
weak form Galerkin is one of them [1,2,3,4,5].

The basic assumption that makes an Euler-
Bernoulli beam an Euler-Bernoulli beam is that the
plane sections normal to the longitudinal axis of the
beam before bending remain plane and normal to
the longitudinal axis of the beam after bending. The
governing differential equation of Euler-Bernoulli
beam is

2 2
L (E155) + q) = 0(1)
The coordinate system assumed in deriving equation
(1) is as shown in Fig.1 for a simply supported
beam.

A |B—x
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Fig 1: Coordinate system fixed to the beam

z

In this coordinate system x-axis passes
through the centroid of cross-section. In equation
(1), E is Young’s Modulus of Elasticity of material
of the beam at position x, v is transverse deflection
of the beam in y direction at position x and q(x) is
the intensity of the load at position x. The positive
directions of the load intensity q(x), the shear force
V and the bending moment M are shown in Fig.2
over an element of the beam [6].

q(x)
M M

v
Fig 2: Positive sign convention forqg(x), V and M
over the beam
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Consider that the approximate solution to
v(x) in equation (1) is v for a 2-node 1-
dimensional general finite element e. Then the

quantlty (Eld ”“)+ q(x) is not necessarily

zero and thls non-zero number is called the residual
R of approximation. To find v¢ we may make this
residual R go to zero in a weighted-integral sense, as
written below

dva

e 2

[ weo [z (F152) + a@)] dx = 0@2)

wherexy is the posmon of the left hand end node of
the beam element e, x5 is the position of the right
hand end node of the beam element e, and w(x) is a
set of linearly independent functions called the
weight functions. In form (2) the approximate
solution v¢ must be differentiable at least four
times. To weaken the continuity required of v¢, we
rewrite equation (2) using integration by parts

formula
o (2] - o
fxf w(x) q(x)dx=0

2
d“ve
dx?

d Va xz

e
X1

J-xz dw (x) d
X1 dx dx

)dx+

Using integration by parts formula for the second
term in above equation again, we have

w2 (514 - TN
[ (Eld ) e +
x§  dx?

123 w() 00 dx = 03)

There are two boundary terms in equation
(3) above. The dependent variable v(x) of
differential equation (1) appearing in same form as
w(x) in boundary term is primary variable.
Therefore for this Euler-Bernoulli beam element

there are two primary variables, v¢ (x)and %,
which means that there are 2 nodal degrees of
freedom and therefore for this 2 node Euler-
Bernoulli beam element there are four degrees of
freedom per element. Therefore the best fit to the
approximation function v¢(x) over the element is
cubic polynomial, as written below

v (x) = a+ bx + cx? + dx3(4)

Specification of primary variables at boundary
constitutes the Essential Boundary Conditions
(EBC). The primary variables at the nodes of a
typical Euler-Bernoulli beam element e is shown in
Fig. 3.

v%b vjl(-\
A A
v ( : ) e
O (Origin) . = s
. 1 2

Fig 3: A typical Euler-Bernoulli beam element e with the primary variables shown at nodes
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Fig 4: A typical Euler-Bernoulli beam element e with the secondary variables shown at nodes

In Fig. 3, 1 and 2 are the two nodes of element e. And

ve () = vf, DA = e e (a) = vg, LECD = e ()

vy, vs, viandv; are called generalized displacements. Substituting equations (5) in equation (4) and finding
constants of equation (4) a, b, c and d in terms of generalized displacements v§, v5, v§ and v we have the
following expression for v¢ (x).

v (x) = Nf()vi + Ny (x)v; + N5 (x)vs + Ni(x)vi(6)

where
e\2 _ ey _ e
NP =1 - 25 ”"Leé‘l) N5 = (x— a) — Ly o)
e\2 _e)2 _e\3
N'f(x) — 3(";;‘1) Z(XLexl) N4 (x) (x L’:l) + (XL:‘21)

N7{ (x), N5 (x), N5 (x)andN; (x)are called shape functions. These are the shape functions in terms of global co-
ordinate x. It is clear from equations (6) and (7) that Nf (x{) = 1 while all the other shape functions at x = x{

M = 1while the first derivative of all the other shape functions at x = xfare zero. Also

dN§@$) _
dx

are zero. Similarly

N$ (x5) = 1 while all the other shape functions at x = x5 are zero, and = 1while the first derivative of
all the other shape functions at x = x5are zero .Considering local co-ordinate system in one dimension s, in
which origin is fixed at node 1 of the beam element shown in Fig. 3, the relationship between local coordinate s
and global coordinate x is

s=x— x{(8)

Thus
s = 0atx = x7

and
s= Lfatx = x5

The shape functions, therefore, in terms of local coordinate s for this beam element are
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e 352 253 e
N1(S)=1—L—f+—§,Nz(5 = e (9)
3 2 3

Na(s)—% —;,N4(s) —z—e+L—Z

CONTINUITY REQUIREMENT ON vé:From
equation (3) vi(x) must be at least twice
differentiable; therefore the cubic polynomial fit to
v¢ (x) as given by equation (4) or equations (6) and
(7) fulfills the continuity requirement on v¢ (x).

The coefficients of w(x) and dw(x)

boundary terms above in equation (3) |e

Gk
Specrflcatlon of secondary variables at boundary
constitutes the Natural Boundary Conditions

(NBC). The secondary variable usually has

is bending moment M and —( )rs shear

force V. Therefore, in totality, at nodes 1 and 2 of
element e there are 4 NBCs as written below (see
Fig. 4)

d d2vg _

E(EI dxz) = Qi
d?vg

—El dx”z = Q5(10b)

fxﬁ d?w(x) d2ve
El
e dx? dx?

where

dw(x)dv
L= fx; El —

5-dx(13a)
By = w(xf)Qs + - (x)Q5 + w(x$)Qs +

L= [ w) q() dx(130)

d
dx w(x{)Qf —

d d2vg _

_ E(EI dxz) = @00
d%vg

EIM—"2 e Q%(10d)

Q5,0Q5,Q5andQfare called generalized forces. The
positive value for term—( )on right hand

end of beam element stands for downward
direction for shear force V (see Fig. 2). However,
for beam element for the purposes of making finite
element calculations we take upward direction of
shear force at both ends positive (see Fig. 4). Hence
negative sign is placed in equation (10c) on left
hand side. Similarly the positive value for term

EI ¢ ”“on left hand end of beam element stands for

clockwrse sense for bending moment M (see Fig.
2). However, for beam element for the purposes of
making finite element calculations we take
anticlockwise sense of bending moment at both
ends positive (see Fig. 4). Hence negative sign is
placed in equation (10b) on left hand side.

With equations (10a) to (10d) for generalized
forces, we have from equation (3)

d
(M)Qf - w(x5)Q5 — (xz)QA,

+ fx; w(x) q(x) dx =0(11)

= (x£)Q5 (13b)

The Galerkin’s approach for this finite element formulation states that

w(x) = I\Ge(x),j = 1,2,3,4(14)

From equation (3) or equation (11) we see that w(x) must be at least twice differentiable. With the choice of
w(x) as given in equation (14), the continuity requirement on w(x) is fulfilled. We begin calculations for I, by

taking w(x) = Nf (x)first.
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CALCULATING I4:
CASE 1: w(x) = Nf(x)

e d 2 d 2
b= [ B3 Nf () o [N (vf + NS (vs +
N3exv3e+ Ndexvide dx(15)

But
Nf(x) = Nf(x — x{), N7 (x) = Nj(x — x{),
N§(x) = N§(x— x{), Nf(x) = Ni(x — xf

Also x — x{ = s, the local coordinate (see equation

(8)). Therefore the entire equation (15) can be recast
in terms of local coordinate s as

L . d? d?
L= [} EISNF(s) 5 [NF ($)vf + NS (s)vs +
N3esv3e+ NVdesvde ds(16)

Assume that Elis constant throughout the length L°
of finite element e. Then

e

~ 125 6\[/12s 6\ ,
Il_EIf(Le3 _L‘?_Z)[(L93 _F)vl
0

6s 4 .
+(L?‘L7)”2

6 125\ |
* (Lj_ Le3>v3
6s AN
+ (G g2 as
12 6 12 6
orly = EI (L—e;vf + L—ez—v§ - L—egvg + L—ezvf)
[V1]
12 6 12 6 1]|v5
orl; = EI [L—e§ 2 T8 L_ef] {vg‘(ﬂa)
vy
CASE 2: w(x) = N5 (x)
[V1]
_ 6 4 6 27|v]
L =El [L—f = o lv§‘(17b)
vy
CASE 3: w(x) = N5 (x)
K
_ppl-2 6 12 _ 6 vf]
Ll R By i Bl d | M €20
lij

CASE 4: w(x) = Nj(x)
vy
6 2 6 47|v5
I, = EI [L7 © "1 Ie [é‘(l?d)

vi

CALCULATING B;:

Whenw(x) = Nf(x), By = Qf(18a)
Whenw(x) = N$(x), By = Q5(18b)
Whenw(x) = N$(x), By = Q%(18c)
Whenw(x) = N¢(x), B, = Q¢(18d)

CALCULATING I,:

Assume that q(x) is constant over a certain finite
element e and given by

q(x) = q. (say) (19)
CASE 1: w(x) = Nf(x)

Le
a=jww%m
0

orl, = quLe(ZOa)
CASE 2: w(x) = N5 (x)

Le
b=j'ww%w
0

q e
orl, = ~(20b)
CASE 3: w(x) = N5 (x)

Le
b=j'ww%w
0

orl, = quLe(ZOc)
CASE 4: w(x) = N;(x)

LE
&=jww%w
0

qe Lez
orl, = —T(ZOd)

Using results of equations (17a) to (17d), (18a)
to (18d), and (20a) to (20d); we write equation (12)
for all the four different choices of w(x) for the said
beam element into one single matrix equation as

12 6 12 6
3 Tz T3 2
Le Le Le Le e e
oox e 2 [ Ql]
El'l Le? Le e Le |U§ _ 193]
| 12 6 12 6 lve] ™ log|
-3 T 3 Tz
Le Le Le Le e e
A ]| I
|l oz # —= =
1
qel® Le/6
- 1 (21)
—1°/6

This is the weak form Galerkin finite element
equation for the Euler-Bernoulli beam element e.
1.2 A sample problem and its solution by the method
formulated in section 1.1

PROBLEM: A cantilever beam of uniform | cross-
section of length 1m is loaded as shown in Fig.5.
The cross-sectional dimensions of the beam are
b =60mm,t =8mm,h =120 mm, and h, =
100 mm (see Fig. 6). Find the deflection, slope and
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stresses in the beam using FEM.. Assume the
Young’s modulus of elasticity of the beam as

¥

10 kNim

E =200 GPa.

20 kN
£ 5kNm

0.6 m

1m

Fig 5: A cantilever beam

hy

ZE — —

¥
A

I

|

|
|

e

b

Fig 6: The cross-section of the beam shown in Fig. 5

SOLUTION: Moment of inertia of beam about z

axis (see Fig. 6)
1
I = Izz = ﬁ[b(h3 - h%) +th%]

orl = 4.306666667x 10-°m*
EI = 8.6133333x10°> Nm?

Discretize the domain (0 <x <1m)into a
minimum of two finite elements: (0 <x <
0.6 m)and (0.6 m < x < 1m). The global degrees
of freedom of the beam are shown in Fig. 7. And the
element nodal degrees of freedom are shown in Fig.

2 | O

0.6 m

]
P 0.4 m

Fig 7: Global degrees of freedom of the beam
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vy v

Element ®

L'= 06m

:
© O O

1;:'4_1 IZ—-\\\ 1_722 IZ'_\\ '1::'3 ‘.éﬁ\

2
vy

v3
Element @ /‘\
1
10

L= 04m

Fig 8: Element nodal degrees of freedom of the two finite elements 1 and 2

The beam has three nodes 1, 2 and 3 as shown in
Fig.7 and Fig.8. Also from figures 7 and 8 we relate
the element nodal degrees of freedom and global
degrees of freedom as
Vi = V1,V =0y, V3 = v = 3,04 = V5 =,
V3 = vs, Vi = vy
Using equation (21) to write the finite element
equations of finite elements 1 and 2 respectively,
assembling the two equations together as one single
matrix equation for the whole domain, and imposing
the boundary conditions, and thereafter solving the
four linear simultaneous equations in as many
unknowns we have the following solution to this
problem (the process of assembly and the process of
deciding boundary conditions is carried out as
explained in reference [1])
vy = —24.88276Xx 10™* m, v, = —66.914x
10~* rad,
vs = —51.962X 10™* m, vy = —62.289957x
10~* rad
The approximate solution to the deflection v, vl for
element 1 of the beam is
vi(s) = N3(s)vs + Ng(s)vy
orv! = 44.5237037x 10~*s% — 95.833x
10~*s2(26)
The approximate solution to the deflection v, v2Zfor
element 2 of the beam is
vi(s) = N ()vs + N (s)vy + NE(s)vs
+ NZ(s)vs

orv? = 38.7x 10™*s3 — 17.44x
66.914x10~* s — 24.88276x 1074(27)
The stress oin element 1 of the beam is
L d*v}
= Ve

=—-20y(267.14222 s — 191.666) MPa
(0D rop fibre = —320.57066 s +
229.9992 MPa(28)
(Gl)Top fibre (S = 0) =
230 MPa, (6 )1 fibre (s = 0.6) =
37.6568 MPa(29)

107*s2% —

o

The stress a2in element 2 of the beam is
‘ d?v?
y ds?
=—20y(232.2 s —34.88) MPa
(O'Z)Top fibre = —278.64 s + 41.856 MPa(30)
(Uz)Top fibre (s=0)=
41.856 MPa, (62) 1oy fipre (s = 0.4) =
—69.6 MPa(31)
Note that
(O-l)Top fibre (S = 06) * (az)Top fibre (S = 0)
This is so because we had not ensured continuity of

% =

2
ZTZat inter-element node. From free body diagram of

the beam or a portion of the beam and
corresponding equations of equilibrium we know
that the moment at node 1, M; is -16.8 kN-m, and
the moment at node 2, M, is -3 kKN-m. We already
know from given loading conditions of the beam
that the moment at node 3, M3 is 5 kN-m. Therefore
the stresses o; 0, and o3 in the top fibre of the beam
at nodes 1,2 and 3 respectively are

—0.06 M, —0.06 M,
o =—"] = 234 MPa, o, = —
—0.06 My
= 41.786 MPa, 03 = B —
= —69.6 MPa (32)
We note that
(Uz)Top fibre (S = 0) = 0y, (UZ)Top fibre (S =
04=03
But
(Ul)Top fibre (S = 06) * Uzand(al)Top fibre (S =
0) # o1
This discrepancy is due to two facts
2
€)) We had not ensured continuity of ZT:at
inter-element node.
(b) The variation of bending moment in the
region of the beam where uniformly distributed load

- : s d2vi(s).
acts is parabolic where as in this case —==is

linear. This means that by taking a polynomial
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approximation to deflection v of the beam of higher
degree (greater than three here) , we can achieve
accuracy.

In this paper we approximate v by a polynomial
of degree four in the region of the beam where
uniformly distributed load acts.

1. A THREE NODE EULER-
BERNOULLI BEAM ELEMENT WITH
FIVE DEGREES OF FREEDOM
Consider the three node Euler-Bernoulli beam
element e with five degrees of freedom as shown in
Fig.9. Node 3 is internal to the element and mid-way

between nodes 1 and 2.

ps L vf ="
vy Vg e
A @ A .
+1 -l 2 4
e
L /2
LE

Fig 9: The 3 node Euler-Bernoulli beam element e with 5 degrees of freedom

As seen earlier in section 1.1 there are two
primary variables for the Euler-Bernoulli beam
element which means that there are 2 nodal degrees
of freedom, and therefore for the 3 node Euler-
Bernoulli beam element there must be six degrees of
freedom per element. However, in the case as shown
in Fig.9 we consider the deflection vZat node 3 as
the only degree of freedom at that node. This
consideration is with an important assumption that
no concentrated load and no concentrated moment
acts at the internal node 3.

The best fit to approximation function
vE(s) over such an element is a polynomial of
degree four because only such a polynomial has five
unknown constants to be determined in terms of five
generalized displacements v{,v5,v§, vfand ve.
Note that s is the local coordinate as discussed
earlier in section 1.1. Let us derive v¢ (s) now.
vé(s) = a; + azs + azs® + a4s° + ass*(33a)
aq, ay, as, a,, asare constants

dvg(s) _

== a; +2a3s + 3a,45° + 4ass3(33b)
We know that (from Fig.9)

dvé
— e e a
ats =0,v; =vg, =

ats = L°/2,vf = ve

andats = L%, v¢ = vg,dd”: = v

Putting these in equations (33a), (33b), and solving
for a;, ay, as, a,, aswe have for v¢ (s)

Ve () = NY(s)vi + N7 (s)vg + Ng(s)vs +

N3 (s)vs + Ni(s)vg (34)

whereNy (s), N5 (s), NE(s), N5 (s), Nf (s)are shape
functions given by

:vg’

11 s2 18s3  8s*
e j— e —
N (s)—l——Le2 + T T ot yN5(s) =s—
452 5s3 2 st

Le LeZ Le3l
16s2 3253 16st 552
e j— e —
Né(s) = L T + T NS (s) = T +

1453  8s*

L—:T—L—j:,(35)
. s 3s3 2s*
Ni(s) =17 - TS

1. WEAK FORM GALERKIN FINITE
ELEMENT FORMULATION OF THE
ELEMENT DISCUSSED IN SECTION 2
The weak form of the governing differential
equation (1) for the beam element discussed in

section 3 in terms of local coordinate s is

fLeEz dwd*v; | 008 dw(o) ,
0 ds? dsz " @ ds @

dw
-w(L®/2)Q¢ — T (L°/2)Q¢
dw
—w(l*)Q5 — g(Le)Qf
+ fOLe w(s) q(s) ds =

0(36)
where
, d d*v¢ . d*v¢ .
O = L\ Elo7 )| Q= —Elo7| 105
RPN
= n\Far )| o
Le
d*v¢
=EI
2 )
ds L
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- 63.2 33.8 -102.4 39.2 —6.8
e = [— 4 (g L) - 4 4 (grdv S A e 2
QS - [ ds (EI ds? ) % + ds ( ds? ) §+:|’(37) ;3.8 1‘47'2 —LZS.G lé.g 51.2 Ule
T2 Te 2 )
Le Le Le Le Le ve
d*v¢ 2ve _1024 —256 2048 —1024 256 || 2
. B . . . . sl el
= || Bl | - |+ | Bl gz Bl=ss T T e ||
> > 392 68 -1024 632 -188||V§
Also Q¢ =Externally applied concentrated load at e’ et e ed et |lvg
node 3 = 0 (for this case) %28 %2 % _1528 7L_ez
andQ¢ =Externally applied concentrated moment at -k 7 L L -
node 3 = 0 (for this case) 0¢ 30
Equation (36) can be re-written as ! —L° /60
11 - B]_ + 12 = 0(38) QZ e _8
where 0l+q.L /15 |(41)
e
L° . d?w d%ve Q3 -7
= J, Bl = dvz ds(39a) | o] e/3o
L
31 = w(0)Qf + S-(0)Q5 + w(L*)Q5 + /60 |

=2 (1°)Q5 (39b)

L= [ w(s)q(s) ds (39c)

To apply the Galerkin’s approach to the weak form
(38) we take

w(s) = N°(s),j =1,2,345

(40)

Calculating Iy, By, I for the different forms of w(s)
separately one by one, as stated in equation (40), we
get the following weak form Galerkin finite element
equation for the beam element discussed in section 2

L

Uy

ol o

In deriving equation (41) it is assumed that ET is
constant over the length L¢ of the beam element and
q(s) also is constant equal to g, over the length L°
of the beam element e.

1IV. SAMPLE PROBLEM OF SECTION 1.2
BUT WITH SOLUTION BASED ON

FORMULATION IN SECTION 3

Discretize the domain (0 < x < 1 m)into a
minimum of two finite elements: (0 <x <
0.6 m)and (0.6 m < x < 1 m). The global degrees
of freedom of the beam are shown in Fig. 10. And
the element nodal degrees of freedom are shown in
Fig. 11. It is obvious from Fig.11 that the finite
element 1 is a 3 node Euler-Bernoulli beam element,
where as the finite element 2 is a 2 node Euler-
Bernoulli beam element. Hence, the formulation
derived in section 3 applies to the finite element 1,
where as that derived in section 1.1 applies to the
finite element 2. From figures 10 and 11 we relate
element nodal degrees of freedom and global
degrees of freedom as
vi = v,vi = v, vi = v = v, vf = vl

= v, V3 = vg,v? = v, Vi = vy

va vﬁ

@ . .

[
|

0.3m

0.3m

j\
5

0.4 m

Fig 10: Global degrees of freedom of the beam
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S P EN w2l vz L
vi 51 v; v}

v3
/‘\

1 %
Element @ _
1

HO

OF D

|

T Element

0 o=

0.3m 0.3m

L*=04m

L*=06m
Fig 11: Element nodal degrees of freedom of the two finite elements 1 and 2

The finite element equation of element 1 is (putting L' = 0.6 m and q; = 10000 N /m in equation (41))

1 292,59  93.89 —474.07 18148 —18.891"1 [Q% - 1400]
93.89 12 -71.11  18.89 -2 ”Uzl Qi —60
EI1—474.07 —71.11 948.15 —474.07 7111 llvsl=[ —3200 [(42)
18148  18.89 —474.07 29259 —52.22 llv3J Q3 — 1400
L —-18.89 -2 7111  —52.22 12 dlv, Q1 + 60
The finite element equation of element 2 is (putting L? = 0.4 m and g, = 0 in equation (21))
(1875 375 —187.5 37.5 ][V Ilez]I
51| 375 10 375 5 ||va|_ rzjm)
-187.5 -37.5 1875 —37.5||Vs Q3
| 37.5 5 -375 10 1lvy Q2

The boundary conditions are

v; = 0,v, = 0(44a)

Q3 + Q7 =Externally applied concentrated load at node 2 = 0(44b)

Qi + Q3 =Externally applied concentrated moment at node 2= 0(44c)

Q% = —20000, Q7 = 5000(44d)

Assembling element equations (42) and (43) together into one single matrix equation and using equations (44a)
to (44d), we have

129259 93.89 —474.07 18148 —18.89 0 0 1707
93.89 12 -7111  18.89 -2 0 o |(|lo
—474.07 —71.11 948.15 —47407 7111 0 0 |[|vs
EI| 181.48 1889 —474.07 480.09 —14.72 —1875 375 ||vs
—-18.89 -2 7111 —14.72 22 —37.5 5 |lvs
0 0 0 -187.5 —37.5 1875 —37.5||ve
L0 0 0 37.5 5 -375 10 Jlv,|
[0} — 14007
Q; — 60
—3200
=| —1400 [(49)
60
—20000

L 5000 -
From rows 3,4,5,6 and 7 respectively of the equation (45) we have five linear simultaneous equations in as many
unknowns; solving them (by, say, Gauss elimination method) we have
ve = —7.45x 107" m, v; = —24.85x 10~* m, v, = —66.82x 10~* rad,
ve = —51.89x 10™* m, v, = —62.18x 10~* rad
The approximate solution to the deflection v, v} for element 1 of the beam is
vi(s) = N3(s)vs + N3 (s)vz + Ni(s)vy

orvl = —4.50617x 10~*s* + 49.88888x 10~*s3 — 97.33889x 10~*s?(46a)
The stress ain element 1 of the beam is

L g d*v}
o=y ds?
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= —20 y(—54.07404 s? + 299.33328 s — 194.67778) MPa
(0D 10op fibre = 64.88885 s — 359.19994 s + 233.61334 MPa(47)
(61 rop fibre (s =0) = 234 MPa, (6" ) 14p fipre (s = 0.6) = 41.8 MPa (48)
We note that v5, v,, vgand v, calculated in this section is almost same as vs, v,, vsand vgrespectively calculated
in the section 1.2. Therefore, the stress o%in element 2 of the beam in top fibre is

(0 10op fibre = —278.64 s + 41.856 MPa(49)

(03 7op fibre (s = 0) = 41.8 MPa, (62)14p fipre (s = 0.4) = —69.6 MPa  (50)
We note that in this formulation we get nearly correct values for (6')7o, fipre (s = 0), @nd (61 )7 fire (s =

0.6, as given by equations (32).

V. CONCLUSIONS AND DISCUSSION

Approximating the solution of governing
differential equation (1) by an interpolating
polynomial of degree four in the region of the beam
where uniformly distributed load (u.d.l.) acts gives
accurate result for the sample problem treated by
FEM in this paper. Notable in my work is that |
have considered the partial degrees of freedom
(five instead of six for a 3 node Euler-Bernoulli
beam element), where as, the weak form of
equation (1) advocated for the presence of two
nodal degrees of freedom. Though | neglected one
nodal degree of freedom at the internal node, the
formulation gave correct result for the sample
problem discussed in this paper. Additionally, to
keep things simple, | had assumed that the external
concentrated load and the external concentrated
moment at the internal node of 3 node Euler-
Bernoulli beam element are zero. To get an idea of
the complication involved otherwise, define
B, from equation (36) as
By = w(0)Qf + - (0)Q5 +w(L/2)Q% +
TUE/DQE +w(L)QS + 5105
Whenw(s) = Ni(s),

3 e

By = Qf — 22:
We get corresponding results for w(s) =
NE(s),j = 2,534

We had, in this paper, solved the sample
problem by weak form Galerkin Finite Element
Formulation. However, this is not the only
approach of FEM by which we can treat the Euler-
Bernoulli beam. For local elasticity, which is the
case here for the sample problem discussed, the
principle of minimum total potential energy also
can be used to derive the finite element formulation
[7]. For nonlocal elasticity theory, discussed in
paper [7], the principle of minimum total potential
energy cannot be used; instead the weak from
Galerkin approach is the better alternative. In local
elasticity, the stress at a point can be uniquely
written in terms of the strain at that point, but in
non-local elasticity it cannot be done so.

In [8], Sanjay Kumar has compared
analytical solution and FEM solution of cantilever
beam subjected to wu.d.l. and v.d.l. (varying
distributed load), and he confesses that the FEM
solution is slightly different from the analytical
because the interpolating polynomial, to solution,
assumed by the FEM was a cubic polynomial. In
this paper | had proposed a remedy to this very
problem.

In both my work and work [8], the beam
considered was cantilever beam. However, in [9],
Gunakala S.R. et al proposed the Finite Element
solution for simply supported and clamped beam
under uniform load. But they did not point out the
same inconsistency in result as pointed by me here
and by Sanjay Kumar in [8].
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